.

PID algorithms and their computer

Implementation

by D. W. Clarke*, MA, DPhil, CEng, FIEE

Three-term or PID regulators are deservedly popular in
industrial control systems. They give satisfactory perfor-
mance for a wide class of processes, they are readily
understood by technical plant personnel, and they are easy
to implement using analogue or digital hardware. Stable
elimination of offset due to load-disturbances is a principal
control requirement, as in many cases processes are operated
continuously at a fixed set-point. Often this is achieved by
the PI terms alone, though derivative action can be added
for plant with excessive phase lag. In practice, however, non-
linear behaviour such as actuator saturation is a critical
component of overall performance.

This report discusses various forms of the PID regulator
(positional, incremental, cascade, etc) and their closed-loop
properties. Practical features such as avoidance of ‘integral
windup’ and ‘derivative kick’ are described. The ways in
which the-PID algorithm can be discretised for use in a
digital computer are outlined, together with appropriate
Fortran coding. The effect of choice of sample interval on
the discretised-performance is analysed. Often the interval is
chosen to be as short as possible given the computational
power available; the influence of this on quantisation norse
and offset.is discussed.

Various filters-are used in a discrete PID algorithm,
including the anti-aliasing filterand a filter on derivative
action. The properties of these filters are investigated and
some interesting nonlinear filters, such.as ‘spike’ filters are
presented. V

1 Introductlon
The claSSIcal PID algorithm has the following form

u=kfe+7 [ears Tda(z)} )

where

u(t) is the control action or manipulated variable at time
t. i

e(r) is the error (or deviation)w (f) — y (¢): the difference
between the setpoint w(¢) and the measured output
(or-measured variable),

K isthe giingnd

Ty Ty arethe mtmral and derivative trmes, respectively.

In Laplace transforms, the controller (1) is
|
u(@®=kK ‘ﬂ t—tsTy }e (s): ... ()

Practical actuators and measuring devices have limits on
the allowable range of values and often tﬁe carresponding
variables aré'scaled in the range 0—100%. For example, a
valve modulating a flow rate isnominated to'have.a value of
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0% when closed and 100% when fully open. The limits

generally correspond to 3—15 1bf/m?g fot pneumatic
systems or 4—20 mA for electrical actuators or transducers,
these being industry-standard values. Scaling of va;rables in
this way has several advantages: the appropriate gain K is
easier to choose, the PID alggrithm can be designed to have
sensible numerical properties; and operators find the dis-
played variables more ,understandable i

With these limits in mirid,.chemical engineers often use
the term ‘proportional band"for 1/K, such that 160% PB
gives 100% control action for 100% error and 50% PB gives
100% action for 50% error, efc. T«hgrntegral time Tis
sometimes called the ‘reset time’, being the time in which
the integral component of u (f) reaches 100% for a constait
100% error.

1.1 Elementary properties of PlDrregula“tcrs

Consider the plant modelled by Fig 1 in which G, (s),
G (s) are forward-path transfer functions'and T'(s) is an
unmeasurable load disturbance. The objective of the con-
troller C(s) is to maintain the average value y of the output’
y() equal to the setpoint w'despite possrble step changes in
L(e):

Solvmg for the closed loop gives:

yo)= — % 3
5)= CG,G,W(S) CG,G, (s) ...(3)

For the case where wand I" are constants ¥ and L, it is
seen that a proportronal control law. C (s) -«K wrll produce
a,constant output:

KK, K,
= - W — L
1+ KK, 1+KK,

where K = G,(0), K, = - G,(0), and K, = Ky X is.the plant
gain. Hence with a proportional comrollerfthe mean output
Y is not equal to’W unless KK is unacceptably large; thrs is
the well. known offset problem. °
~ The 6ffset is eliminated if either G, ©) or C(0) = oo; this
is achieved if the transfer funétion Containg at least one
integrator. As it is rare to have integrating actiofi-in G
(more commohly in Gy), the conttokrequirement.implies
that C(s) must jtself contain an integrator, Hence ™
C 5)=1 [;Ziremoves offset if a time progartrorral to Tp:
the smallef T.js, the greater is the potenﬁal spéed.. "Unfor-
tunately, the use of integral:control dlon¢ \mll freguentlz'
lead to elosed-loop instability, as thecon;rsﬂlér adds 90" of
phase Jag to-the forward path. Howgver, the combination of
propdrtronal and integral terms in the form;

u(s)=K(1:£T’)

will generally give a stable closed loop provided that T;is
appropriately chosen. Note that the frequency response of

.4
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r(s)

w(s) u(s)’ - y(s)

—T C(s) G,(s) —{G,(s)

Fig 1 Control loop with a load disturbance

Eqn (4) (putting s = jw) behaves as K/sT; for low fre-
quencies but as K for high frequencies where w7;>» 1.
Hence for large-enough T}, a closed loop which is stable
under proportional gain K is also stable for the full PI
controller. For example, it is easily shown that a plant
G(s) = Kp/s (1 +sT,) — such as a speed-control system or a
coupled-tank process — is stably controlled by C(s) given
by Eqn (4) provided that T; > T,.

Derivative action can be usecf where there is excessive
phase lag in the controlled process (eg, with order > 3 or
with significant deadtime). In practice it is much less
employed than the other terms, probably because it is
difficult to tune for the potential extra performance or
because measurement or plant noise is undesirably
amplified at high frequencies. In cases where overshoot is to
be avoided, as with batch chemical reactors whose exo-
thermic behaviour is strongly dependent on temperature,
the derivative term gives useful ‘anticipation’ such that the
control signal becomes negative (ie, producmg coohng) k
before reaching the setpoint.

With all three terms, the PID regulator can be written:

C(s)=K (1 +ST; + S TTIsT; ()

This provides one controller pole at the origin (for offset
removal) and two zeros given by the roots of:

s2+s/T+1/TiT4=0 ...(6)

The choice of T; and Ty can place these zeros at the
designer’s discretion, so that if an analytic model of the
process is available, root-locus methods could be used to
obtain satisfactory performance. Typically one zero would
be used to cancel a dominant process pole. As most :
chemical processes have real poles, there is no general
reason to allow the roots:of Eqn (6) to be complex. How-
ever, mechanical systems.often exhibit underdamped”
complex poles, and a good design strategy is to attempt to
canéel these poles with controller zeros.so that the
undesirable mode is eliminated from the loop.

1.2 Incremental (velocltv) algorithms

Sometimes the jntegration in a PID algorithm is achieved
extegnally to the ritain controller: For example, a valve
pogr;roned by tepper moter cbangas its position accord-
ing to thq.,numéf of st ¢ps demapded. Fer nonicritical
processes this increases gvmhhrmy as failure of the

oller means that the valée stem maintains.its last
pﬂ<§ﬁon apd thus allows the plant to remain operatiopal

is dependent of cours¥, on the type of plant; id
general, controllcr failure should result jn valves opening or
closing according to predetermined- safety requirements.

‘Suppose that a stepper motor requires NV stéps to traverse:

its.complete range (u (¢) = 0...100%). The action of the
main controller is to request arate u, () of r steps per second.
Hence in a time interval At a number of steps r At steps are
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demanded, giving a change (or increment) AS in the total
number of steps S:
AS=rAt, or S()=Zrlt

Suppose Fmay is the maximum stepping rate, corresponding
to a 100% demand u (¢)iNow as Spax = N corresponds to
the maximum control u () of 100%, then

S

u=—-+100%, and u,= +100%
N "' max

So:

Nu(t)=zux(t)rmax At

100% 100%

In the limit, as Ar = O this gives:

or .,u(s)=———l—u,(s) ...(D

T'max

This corresponds to an integrator wrth integral time N/rmay.
As the function of the overall contrbl action between
e(¢) and u () is to be PID, the main controller must have a

transfer function ‘

uy () =K' (1+ Ty + *TyTa)e (1)

as shown in Fig 2.

Main controller Stepper-motor

] ui(s)
e(s)——=f K'(1+5T;+52T; Tq) -~ 1/37T; |- u(s)

Fig2 The incremental form of a PID,contraller

Note that, even though the stepper motor appears to
have its own integral time of Tj, an arbitrary integral time
of the overall PID controller can be chosen sxmply by
equating:

K'(1+sTy+ s TiTa)/sTy= K (1 + 5Ty +S2TtTa)/sT:

If the stepper motor had infinjtely fine resolution and fast
stepping rate, the performance of the incremental algorithm
would be the same as the usuag positional form. However,
the effect of the stepper motof is to quantise the allowable
levels of u (¢), possibly causing: ‘dither’ (hetice choose large
N) and to-limit the slewrate of the output’to a maximum
of (Fmax/N) * 100%. This may be ‘acceptable as rate-limiting
is often used in awkward plant; otherwise 7,4 should be
large, for rate limiting imposes a phase lag if a limit is
attained. The algorithnt s, in general,sensitive to noise
and should use filtering:if derivative action is required.

£ f ‘ &

1.3 Cascgde and feedfo;ward eontrol

Casgade contml is uged'to lmearrsg the effect of an
agtyator or to, co,ntrol mmg mtermediatc variable so; that
the ovgrall contgol loog is easier to handle. A simple””
example of the'ﬁrst application is a valve-step positioner
which overcomes the mheren{g.stipnon or bagklash of the
valve. The second tse is in, say, cOntreJlmg product com-
position in a distillatior column. A sefected fr tray tempera-
ture is used as an. mtermedme variable becguse the primary
output variable is measured typically,by a chromatograph
with significant deadtrme Not.only-does this allow for
tighter control but disturbances can be detected more
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rapidly and regulated using the inner loop. In these cases
PID regulators can be used in both loops, but more often
simple proportional control is sufficient for the inner loop.
If both loop controllers have integral action, special pre-
cautions need to be adopted in their desaturation (qv),
particularly if incremental algorithms are used.
Feedforward control can be used if there is some
measurable disturbance v (7) acting on the process, such as
variations in the quality of feed input to a distillation
column. A signal which (partly) cancels its effect can be
added to the control action u (¢), typically being K¢v ()
where Kyneeds to be tuned for the best effect. Considerable
improvements in control quality can be achieved using
feedforward, though the appropriate value of K for this is
often difficult to find and may vary with time. Note that

integral action must not be applied to v (¢); if an incremental

algorithm is used in the main controller, the derivative
Ky dv/dt must be added to u, (¢) rather than the full-value

KfV(I).

2 Practical considerations

When a PID regulator is to be applied to an industrial
process there are several important issues which must be
resolved:

1. Choice of ‘positional’ or ‘incremental’ form; this depends
on the type of actuator used and whether a constant
control u(¢) is desirable on controller failyre.

2. Provision for manual/automatic operation with ‘bumpless
transfer’ when switching over from an operator chosen
value of (¢) to initiate PID control. This involves ensur-
ing that the initial PID control signal would not differ
significantly from the previous manual setting, it-being
presumed that the operator has chosen this sensibly.

3. Avoidance of ‘derivative kick’ and possibly ‘proportional
kick” which would ‘otherwise occur on step changes in
the setpoint w (¢). This sudden large control action
might tend to drive the plant into a non-linear region.
To avoid derivative kick, for example, derivative action
should only be on the output y (£), not the error, giving:

u@s)=K (1+1/sT)e(s) —sTyy (s)

Similarly, eliminating proportional kick has the corres-
ponding term acting on y, with only the integral term
.acting on the error. This does not affect the stability or
disturbance—reduction property of the PID algorithm,
-but might slow the rgsponse to step changes in demanded

“w(t).

4. Measurement conditioning/filtering. For example, a
differential-pressure flow transducer gives a signal pro-
-portional to (flow)?, which would need to be rooted to
maintain linegrity in the loop. Similarly, electnca]
‘heating in which the gener:ued heat depends on u? might
need hpeansatxon of the outpu. Filtering of nojse and
dgnvu?\% action is a complex 1ssue;trea,ted,later in detail.

5.. Output signal amplitude or, rate’ hgﬁhng Actu,gtors have
mherent -amplitude-limits; fate lipits are sametimes
requirgd on start-up of<sensitive” plam

6. Use of “local; (nternal) or ‘remote’ setpoint. If, for
example, the controller is part of the innerloop in a
cascade configuration, its setpoint is chosen by the outer
loop rather than by the operator. '

7. Whether one or more feedforward signals are to be
added, and the extent of the dynamlcs allowable in the
compensation (eg, P + D).
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8. Avoidance of integral ‘windup’ by using integral desatura-
tion. If, typically during start-up, the error signal is large
for a long time, then [ e(¢) dt itself becomes large. Thus,
even when y (¢) has attained the set-point w (¢), the
control action would remain saturated until the integral
term has ‘unwound’. This invokes a sustained and highly
undesirable overshoot. Desaturation can be achieved by
limiting the integral term to some value, though which
particular value should be chosen is debatable. Typically
100% is taken, using the argument that control action
should start to drop from its limit when the error
e(t) = w(t) — y (¢) changes sign. This still involves some
overshoot (unless derivative action is also included);
Shinskey (1979) provides a useful guide to alternatxve
strategies if overshoot is to be avoided.

3 Asimple Pl and PID configuration

A particularly elegant implementation of the PI regulator
which has many of the attributes described in the previous
section consists basically of a simple lag in posmve feed-
back form as shown in Fig 3.

e(s) K u(s)
, s
1

1+5sT;
Fig3 A Iag in feedback = PI
Here
u(s) = Ke(s) +u(s)/(1+sTp),
or:
w(s)=K {(1 +sT;)/sT;y e(s) —inPI form.

The power of the configuration is seen best when including
output limits: #min < U(t) < Umay, an auto/manual switch,
and derivative action,-as shown in Fig 4.

Manual control

[MS)
K r u(s) {Umit,er l-'-——u(s)
+ S —
£(s) T 1
. 1 esTi ::’
T y(s)

Set -point
w(s)

Eig 4 Practical PID block diagram

It is seen that the set-up has the followmg propemes

(1),When the. demandu (t) is wishin the lmear range and
not Timited, then u = v’ s0 the above analyats is valid and
the control is given by:

u(S) =K [(1 +5T)/sTy {w(s) — (1 +8Ta) y )} }

This is PI action on the error e(s) = w(s) = ¥ (5), but the
total action on y.is

u(s)=—K[(1+1/sT)(1+sTy]y () .- (8)

This, therefore, avoids derivative kick but is not quite in the -
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classical form of a PID regulator given by Eqn (1). However,
the algorithm gives approximately the same behaviour for
small values of T. In some ways the above factored form is
easier to tune as the zeros are given by — 1/7; and — 1/[Ty;
as such it is employed by some leading users of PID regula-
tors. Of course it does not allow for complex zeros, and
technical staff familiar with tuning classical PID coefficients
may have some initial difficulty with it.

(2) When the demand u'(¢) is outside the allowable
limits, the control u(¢) is set to the corresponding clipped
value. If sustained for some time (eg about 3—5 time
constants T;) the signal f(¢) reaches the limited value of
u(t). When the output of the gain element K changes sign
(ie, when e (¢) changes sign if T; = 0)u'(r) immediately
drops from the limited value and hence u (¢) also drops
away — the desired integral desaturation property. This is
seen to be even more appropriate when f(¢) has not reached
a steady level, for note that f(z) always lies within the
bounds of u (¢).

(3) The switch S is the manual/auto switch. If connected
to m(¢) the signal is still limited (as a check on the
operator), and if m (¢) is constant for an interval £(r) will
attain its value (the lag in the feedback loop having unity
gain). A good operator will switch to automatic when'e (1)
is approximately zero and y (¢) is sensibly constant; in such
a case there.will be bumpless transfer.

The controller of Eqn (8) is called interacting as adjust-
ing the values of T; and Ty modify the effective integrl and
derivative times as defined by Eqn (1). The transfer functlon
of Eqn (8) can be written

K {1+5(T+ Ty) + S TiT}sT,

which, when compared with the conventional-form of Eqn
(1:

K' {1 +sT; +s*T; Ty} /sT;

gives

actual integral time =Ti=Ti+ T,

actual differential time = Ty = (T;T)/(T; + Ty)
=K'=K(1+Ty/T)

It can be shown that the maximum effective Ty is obtained
when Td T;, whereupon:

Tj=2T;, Ty=Ty2=Ty4, and K'=2K.

In most cases a maximum differential time of % the integral
time is sufficient except for the most exacting control
requirements.

When used to control a simple lag with deadtime,
Shinskey (1979) shows that a noninteracting form of PID
can produce as little as % the integral square error follcrw-
ing a.step indoad’ g{sturbaﬂce*compare,;bwnd; the abdve
mteractmg form. The correspondmg com.roller’is thoggh

m(s)
l' N ' e
e(8)—r—s ST qr*‘i%z - (s)
‘ S, S
k1 r

1+ sT;

actual gain factor

SIQ e y(s)

Fig5 Noninteracting PID implementation
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more sensitive to an incorrectly modelled plant. If a non-
interacting form is required, the structure shown in Fig 5
can be used.

Here L, and L, are limiters: L, to provide the desatura-
tion property for the intégral term in the first loop and L,
to limit the final control value. L, could be omitted if the
desired limits correspond to the practical actuator limits.
Switches S, and S, are for auto/manual transfer.

4 Discretising the PID algorithm
4.1 The effect of sampling .

When implementing a PID controller in a digital com-
puter a sequence. {...y(t), y (¢ +1)...} of measured
outputs is available at sample intervals 4, and a corres-
ponding sequence of comtrols {,..u(f),u(t +1)...} is
generated. The measurements are not:only corrupted by the
usual plant noise but there is also noise generated by the
quantisation levels of the A—D converter. Similarly, the
control signal to the plant is quantised by the D—A
converter, Typically 12 bits (I part m~4096) is specified for
and A—D converter and:10 bits (1 part in 1024) is used in
the D—A converter, though low-cost microcomputer
systems may employ only 8 bits in both. The reason for the
lower precision generally used in D—A converters is that the
low-pass filtering nature of most processes removes the
generated noise. However quantisation in A—D converters
can produce problems, particularly i in.the derivative com-
ponent of PID controllers, and these wxll be discussed in
detml later.

When using a discrete-time approxxmatxon to a continu-
ous-time controller, the ‘sample interval A is an important
parameter. In prmc1ple, the interval should be chosen to be
as short as possxlﬂe but often gumerical difficulties due to
round-off may then occur (particularly with fixed-point
implementations). When controlling many Joaps there can
be an unacceptable computational burden using a small
value of h, though increasing computer power and the
tendency to decentralisg loops makes this Iess of a problem
nowadays. Even so, it isimportant when considering dis-
cretisation that the properties of the-continuous-time
controller should be reflected.reasonably accprately by the
derived algorithm, even for relatively:large values of .
Some approaches are better than others in this respect.

In deriying discrete-time controllers the Z-transform is
used, though in the following 2™ is treated méinly as the
backward 'shift operator, defined as 2™ x(¢) =x (£ —1) etc.
In the same way s can be considered to be the differential
operator and 1/s to be the integral operator. Approaches to
diseretisation can then be presented in terms of numerical
methods for mtegratmg a s:gnal x(t¥in terms-of its

sampled values.:
// // t i /5/([/ 1"["[/'9

Let Lét - 1) be.the value of the approx1mately inte-
gra&ed signal at the previous sample instant and x (7) the
new mput value. Rectarjgular,infegratiof assumes that x has !
rexpaingg constant over the sample interval, giving ;

I@O=1¢t-1)+h-x()
ie, '
A=zYI@)=h-x()

Comparing this with the continuous-time integral operator

1 Rec(angalar mtegrattou
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1(s) = x (¢)/s gives the correspondence (the linear
transform):
s=(1 —=z"YH/h,

-1
..(9)
This is the usual approximation to the derivative dx/dz =

{x (£) —x (¢t —h)}/h used in numerical analysis (the back-
ward difference).

or s~ A/h, where A=l-:

2 Trapezoidal integration

This method is considerably more accurate, approximat-
ing the behaviour of x over the interval /1 by a straight line
passing through x (f) and x (¢ —1):

IO=1¢-D+h&@+x@-1D}/2,
giving the correspondence:
2(1=z71
z’h(l tz7) Foit

This is known as the bilinear transform. Higher-order
approximations can be used (eg Simpson's rule) but pro-
ducing excessive complexity.

', //

AR

4.2 Frequency-response. of the quantisations

To see how the above discretisations behave for different
sample intervals A, it is useful to consider the frequency
response in which s becomes jw and z = exp (sh) becomes
exp (fwh). Frequencies up to the Nyquist frequency

“wp = m/h are relevant because of the sampling theorem, and
a normalised frequen w/q,)n (x =°0...1)will be em-
ployed. Note that arg (fw) = 90° and |jw| = w for all w;
the;interest here is to se¢ how the frequency response of
the discretisations differ from this (see ‘Franklin and Powell,

1980).

(1) (A =2zYh =&/~ {1 - exp (= jxm)}/h
= exp (= jx7/2) {exp (xn/2)
—exp{(— jxn/2)}/h
= 2/ exp (~j8) {exp (jO)
— exp (- j6))/2fh,
Tw Tf’

"[“‘.'”' u}' .l:’..

-IMCXP (- /@(11/2)*

—]wfxp (- ]0)) sin 9/0)
This equals the required value of jw  except that there is a
phase error of —8 = —xm/2 - — 90° as x = 1. Similarly,
there is a gain factor of sinc 6 (1 when.x =0, 0.637 at
x =2 1), [tis interesting that the above gnalysis indicates that
3 s , 'Y % GRS

A

where 0 sx;r/ 2

..(10)
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the effect of sampling for small 4 is to insert a deadtime of
h/2 into the loop.

2(1-z7h
h(1+z7h

using a similar analysis.

Here there is no phase error, but the multiplying factor —>ee.
as x 1. Table 1 shows the approximation errors of the
discretisations. '

->jwtan 0/6,

TABLE 1: Factors in the approximations

x = wlwp Phase error of 1 sinc 6 tan 6/6
0.1 -9° 0.996 1.008
0.25 -225° 0.974 1.055
0.5 —45° 0:900 1.273
0.7 —-67.5° 0.784 2.049
-90° 0:637 L

1.0

It is seen that the phase error due to the first approxima-
tion is significant for w> 0.1 w, but the gain error of the
second apprommatxon is significant only for w> 0.5 wy,. As
phase error is generally more important than gain error, the
second discretisation is to be preferred as it is accurate for
considerably wider sample intervals.

4.3 A digital PID algorithm

A straxghfforward discretisation of Eqn (1) using rectan-
gular mtegratlon gives a ‘protqtype’ dxgltal PID controller:

U(’ h= K{l +h (l-—z")}E(z H

T;(1 —z“) h

This can be implemented plecemeal or by rearranging to
give

(1=2YUE™) = (bo+ byz" + by E(z ™)

where

bo=K (1 +h/T; + Ty/h); by=—K(1+2Ty/h); by=KTy/h
In difference—equation form the algorithﬁx is:

u(t)=u(t —1)+boe(t) +bye(t —1)+bye(t -2)

To evaluate thisat time ¢ requires the new e(r), and old
values'e (£ — 1), (¢ — 2) and u (¢ — 1) to be available.
Elementary integral desaturatjon‘can‘be achieved by limit-
ig u(¢) and saving theimited value gather than the
originally calculated value for;use asu(t — 1) at the next
szunple ;

Feedforward v(t) Ky
) p— .,K + Bk "
Set-point w(t) 7 1‘_({’-: — el H PIeni }-_;-—‘y(t)
TI—_‘ kd (1 '221)
Kp Fig6 An elementary dlscrete PID
T algorlthm
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Although the coefficients bo, b, and b, can be derived as
above from the required K, 7} and T, to give the same per-
formance for small &, when h becomes larger different
values may well give better performance. Isermann (1981)
uses parameter optimisation to find the best values of the
coefficients for any given h, and deduces that small 4 may
not be necessary. For example, although the integral square
error does indeed reduce with 4, the control variance to
achieve the optimum can increase rapidly.

A more practicable algorithm is based on the block
diagram of Fig 6, where the three terms have individual gain
factors Kp, K; and K. Integral desaturation is achieved by
recomputing the integral contribution to just provide
saturation if limits on u (7) are exceeded, and bumpless
transfer is achieved by computing the integral term so that
the PID output would equal that chosen by the operator.’
Both derivative and proportional kicks are avoided.

Coding for this algorithm is based on the outline of
Table 2, and is executed at every sample instant.

The complexity of this can be wmpared with the pre-
ferred method below.

4.4 Discretisation of the simple Pl regulator of Section 3

A simple lag with time.constant 7; has an exact
Z-transform:

1 (1-pz?
i 3).2,. B=exp(-#/T) ...(11)
T

Placmg it in a feedback loop as in; Fig 4 with gain factor ‘
K’ gives:

where

-1
e =K'EG, +( - )_, )
or
(A=zHYUEMH=K'(1-YEY
giving
Ay .t
U(Z_l)=K'{ u ﬁ) }E( ) ..(12)

TABLE 2: Flow of an elementary PID aigorithm

Expanding exp (— 4/T;),as a power series shows that an
approximation to 1 — B of order (h/T7)? is sxmply h/T\, so
that
u@eE) K{l na _-1) E(™) (13)
which is of the correct PI form. Hence, for small 4 the pulse-
transfer-function (Eqn (11)) in‘feedback with =1 — 4/T;
will give PI action with gain K 'and integral time T;. The
extra delay in the integral computation is necessary both
theoretically (see Bristol, 1977) and in the implementation.
It'was shown in Section 4.2, though, that trapezoidal
integration gives significantly better results than the use of
rectangular integration implicitin Eqn(13). Hence, using
the corresponding bilinear s>z transformation a more
accurate PI algorithm with gam K anchntegral tlme T;is

oo h(1+z7h 5
vem K{l+27}(1——z")}5( )

2 T, +h) 2hz!
= K - l + - - -l
Qh+m(A -2
Comparing this thh the result;of Eqn (12) gxyes
K'=KQ+h/2T) and B=(Q2T;- h)/(2T; +h)

[This value of B is a more accurate approximation of order
(h/T;)* to exp (— h/T;))aHence. the discretisation of (Eqn
(11)) gives the same action as the PI of Eqn (14) provided
that the values of K’ and B are ehosen as above. Clearly, for
small & the propemes of the two approximations are
mdlstmgu:shable, but when Tkapproaehes h, the trapezoidal
method xs,sngmﬁcantly better..Notonly is it more accurate,
but-it remains stable. Note in particular thatif 4> T} then
the rectangular integration approach will involve a § greater
than 1, thus inducing instability in the algorithm.

The codmg of the algorithm follows the flow of Table 3.
If ‘true’ bumpless transfer is required,-éven if the controller
is switched to automatic, far from the setspoint, F could be
equated to OUTPUT on the manual emry An outline of
the cbrrespondmg Fortran coding i is glven in Table 4,

}E(z")...(l4)

<get measured value y(‘t) after linearization and filtering >

< get local or-remote set-point w(t) >
e(t)=—wi(t) -y(t)
PROPR =—-K*y(t)

Automatic control? =n —

opero}or chooses current OQUTPUT

* y INT = QUTPU®P- PROP (Kev)

INT=INT+K;Fe(t)
DER=Kg™(y tt-1)-y(t))
OUTPUT= PROP + INT + DER (+Kyv($))

[ il

Tt

(*int action for no bump*)

‘ ol g
OU'{PUT > HIGH? —=y o INT-— INT +H|GH - -OUTPUT

-—Y OUTPUT <.LOW?

INT=<INT+ LOW-OUTPUT

OUTRUT - LOW
t

!

<send output to plant (po§sibly add DIT)}ER)>
<save INT, y(t) for the next sample >

OUTPUT - HIGH

310

Trans Inst M C Vol 6, No 6, Oct—Dec 1984




TABLE 3: The feedback Pl regulator

If manual control — 1)

{get y (t) from the input module)
{get local or remote set-point w (¢))
elt)—wit) —y(t)

OUTPUT «K'*e(t) + F

(1) 1f OUTPUT > HIGH = > OUTPUT «~ HIGH
IF OUTPUT < LOW = > QOUTPUT +~ LOW
F<—B"F + (1 - B)*OUTPUT
(send output to plant; save F for next sample)

Table 4: Fortran coding of the feedback Pl regulator

C THISPART EVALUATES K' AND BETA, GIVEN Tl AND K
GAINP ="GAIN* (1 + H/2/TI)
BETA = (2*TI-H)/(2*T! + H)

C THISPART IS ENTERED EVERY SAMPLE
PROP = GAIN*(SETP — YNEW)
IF ((NOT. MANUAL) GOTO 10

C (OBTAIN ‘OUTPUT' FROM OPERATOR'S DATABASE)
GOTO 1

10 OUTPUT =PROP + F

1 IF (OUTPUT .GT.OUTHI) OUTPUT = OUTHI
IF (OUTPUT .LT. OUTLO) OUTPUT = OUTLO
F =BETA*F + (1.0-BETA)*"OUTPUT
IF (MANUAL) F = OUTPUT — PROP
C OPTIONAL TO GIVE/TRUE'.BUMPLESS TRANSFER

C THE DIFFERENTIAL TERM CAN NOW BE ADDED - SEE
LATER.

5 Filtering the derivative term

In principle, the gain of the frequency response of the
derivative term grows without bound as the:frequency
increases. Outside the normal bandwidth of the plant,
though, the principal componert of y (¢) is process and
measurement noise. Generally, therefore, some restriction
should be jmposed on the derivative gain and, typically, a
factor of 107s used. This can be achieved by a derivative
filter of the form:

d(s)=

y (s); where

vr

The effecs of thls filter is seen most clearly when incor-
porating it into the interacting PID algorithm of Eqn (8),
which becernes (for w(s) = 0):

(1+5T) [1+5Ty(1 + an]e ©

u(s)= —K[

sT; (1+asTd)

20 loglC(jw)l

20-log | Kl

0dB -
wy w, (V5 wrad/sec.

Fig 7 Bode diagram of aPID regulator with filtering
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This gives the Bode diagram of Fig 7, in which the break-
point frequencies are w, =1/T;, w;=1/1.1Tand
w3 = 10/ Td

If wy and w, are well separated, the maximum phase
advance occurs at \/(wz w3)=3 OXS/Td The corresponding
value Ymay is sin™! {1/(1 + 2a)} = 56°; this is to be used to
obtain sufficient phase margin for plant with excessive lag
(such as multiple capacities). Note that increasing the
maximum gain factor to 20 makes little difference to
VUmax: @ beaomes 0.05 and the maximum phase lead
becomes 65°.

5.1 Discretising the filtered differential term
If the Enear transform s ~ A/h is used, Eqn (15) becomes

al-z7"
d(t) = 4
® l+0.17—0.172"y(')

or in difference-equation terms

d()=7(0.1d(t 1)+ y (&) — y (¢ = )D}(1 +0.17)...(16)

Now 'l'able 1 shows that the linear discretisation has a phase
error of —9° at-a frequency of 0.1 w,, where wj, is the
Nyquist frequency n/h. Hence, the maximum phase lead is
reduced to about 45° if w,, is chosen to be 10 x the
frequency giving ¥ max-

ie, w, =30.15/Ty, or  h=T4/10

This implies that if phase advance of up to 45° is required,
h must be less than T4/10 or equivalently v > 10 using the

simple linear discretisagion.
Using the bilinear transform, Eqn (15) becomes

2y(1-2"Y
d@)= 1),
@ 1+ 0.27+(1 -0.27)z! @
with a corresponding difference equation:
d(n)={(02y=)d(t =D —+27[p () -y (¢ - DY/
x(1+0.27) W)

where

Y =‘Td/h'

where  y=Ty/h,

ie,
d(t)=dodgt—l)+d1(y(t)—y(t—l)) ...(18)
Here, for example ify= 20 this gives

d(f)=06d(r—1)+ 8[y(t) -y -1)
The response to a unit:step inr outputy (#) would then be

D(z Y= 8/(1 - 0.6z ={8+4.8271+2.88:72
hi +1.73273+ ...}

or

{d(0)).= 18, 4.8,2.88;1.73,...}

The initiel jump in the derivative actjon (for K = 1) is then
8 units compared with 20 unifs for an unfi Itered algorithm.

There isng phase error with the bilinear tmnsformatmn
but there is a gain error, which implies a minimum useful
valueof v. lusgectlox; of Equ (1 7)shows that the }pgged
valie d (¢ — 1)has a coefficient of zgro wpen = S;this
suggests that the maximum practlca le value of h is about
T4/5.

The coding of Table 5 can be added to that of Table 4 to
produse a non- mteractmg PID algorithm with a filtered
derivative ‘term. If an interacting PID is required, a yalue
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TAELE 5: Addition of a filtered derivative terrh

C THISPART lNlTIALISES THE COEF FlClENTwS
GAMMA = TD/H :
D1 = (0.2%GAMMA-1.0)/{0.2* GAMMA +1.0)
D2= 2'GAMMA/(0.2 GAMMA + 1.0)

THIS PART EXECUTED EVER SAMPLE, AFTE.R THE Pl
CALCULATION ! :
IF (MANUAL) GOF0, 20

D =D1*D + D2*[YNEW — YOLD)

OUTPUT = OUTPUT — GAINP*D

IF (OUTPUT .GT. OUTHI) QUTPUT = OUTHI

IF (OUTPUT .LT. OUTLO) OUTPUT =0UTLO

20 YOLD = YNEW,

GAINP*D should simply be subtracted from QUTPUT in

line 10 of Table 4. Note that clipping:of:the output is
equired again in case the derivative contribution drives
JWUTPUT past a limit.

£ 2 Anti- alnasmg filters
To avoid process and measurement noise ofj”xequency

greater than the Ngqmst fﬁeqUency Wy bemg aliasgd by ;he s

sampling, an external analggue filter shauldbe me¢d before
the sampler. If thigis a simple first-ordet RC filfer, the
appropriate time censtant'is-of the ordef of 1/s, = h/x.
Though ideally a shérp-cmoft;mter is requn'ed,d simple
RC network is gengrally sufficient, Wjth-a pé‘sswemetwo;k
R should not be more thian 100 kK2 40d*C nor than 1| pF
implying a maximym time constant of 0.1%nd thus a* .
maximum sample intervabof0.3 5. To pmvnde ;n*ndcquate
safety margin sucht that signals outsidg a9, are gharply
attenuated, a practicable maXinium mtuvajh 80.15s
However, a sample interval 6f%0.1 s can be tqo short for
some applications, particularly when using advanced”
digitally based algq;itluns“'!‘hese jmay, nged.to yse an,
interval A’ = mh (m=1. . 600) between QoncoLcaicuIauons
and so need a uormﬁondmgly smaller value Of iy T = 7
reduce w, by a factor m gan be achieved by digital filgering &
where the filter is executed cvery,mmox;salnplg but whase
output is used only at every major (coattol) satple: Such a
filter can be based pn the development of Sectfon4.4, "
where Eqn (11) mtyhes that a first-order digita} filter thh
time constant T'= m7: iss , ;

y'(1)= ﬁy(t~1)+(l—ﬁ)y(z) ..(19)
Here B = exp (—h/)~ 2T ~ h)/(2T+h9 =(2m — 1)/

\<m 7 1), ana e aelay wnich kgh (11) pxaces ony(tJyis’
ignored. The mﬁut to tge filter is the measured y (t) (after
the anti-aliasing¥filter) and the filtered output is ' (¢). It a
higher-order filter is reqmred several simple filters can be
cascaded; this i ig 'particdlach y appropriate if m is large and
round-off errors in Eqif{9) are to-be-2voided (8 would be
very close to 1.0).

6 Non-linear 5'@0"&1"‘\8

Therc are cer\gam cqu:nmstames in'which’non-linear
algorithms can offer imBroved performance, though ;
implicitly they cannot He analysed with the same degree of
confidence as linear apptoaches.
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61 'Splke or Iomcal fl&er‘

When an analogne mxglup er opergtes incorrectly by
sampling the wrong chagael, It induceg a ‘spike’ on the data
sequence of the iptegded chatinel. Thaugh lincar filtering
reduces the effect ﬁomemm it can ﬁimportant to detect
the event and to atop' th&spike entéring the control
algorithm. This is doge by hayjng a ° ‘window’ which allows
small changes of y (¢} thyough.but clips large ch.mges If
¥ (1) is in fact changigg {lpi&)“ the window ‘gap’ should
be allowed to expandfwﬁordmg to the transient nature of
the data, (7

‘Suppose that d.,i. ns§he mmunum wndth of the window
(which can readily be dgterm ed by,ihspecxmg operating
records) and that § (¢ igits cigrent width, Let £(¢) be the
filter output and.§( b&acg@xt,o{ nm;nbu of succes-
.sive samples for which the omtput is clipped. Then a simple

- spike filteg as dnscussed ?y Ig@etts (lgg 5)- fqllows the flow

sof Table 6. e AT b
- ZFor Qa&h time tha§ the ng\g,datmc;;ceed the bounds,.the
gagns bled, 3id wheh they dre wighin the bounds the,
d until thes , rmm;ﬁum value of 0. An
agyropna;e Foruan subgout; s glyen in Table 7.
+ £A morg compaehensive fifl gxpn by-Pehrson, (1968),
! which considers tfuet cympofipn hedata: a re?l)sxgnal
" represented : 1 e se process €(/), a step
4 V;I:hblc E({)lzayndf 3; e ?(ﬂ,‘q‘he step and pulse .
~ vatiables are. equal tq 0. P or,y!ﬂse 1& present in the
“data, Thegtotnl signﬂyit) lsﬁg g«v@ ’
YO e@ )4 i(f)
"The objectxvg of the fxlm is foliow the steps, remove the
pulses and to smootﬁ(medicaﬁh ¢ Gatssian component.
The-Fortran program gigen agpears toswork effectively on
Qtactical dm taken &0;1 a p" una!gmg pocess.
devele 435 B ,,q ? ' & e,

§ o ug&i; :
gl

'l-'kBLE 6: Asnmph spika"-ﬁueg ¥
(lﬂlthllnmd' coums o Q algk e £ 4

i n‘: MY R A ¥ ES-

5 (&) -y (r) f (t -1)° {dete%“the chanye in y]

ég) - 238) [opgn gap;acco;ggg to cd}mt}
tm(mw(g@ e fle—1)4dlsgns (1)

gl et s;)«so-ﬂw“" [count up]
ummq m@* f(:)«r;q tauowmeoughx

sm ‘-S,k—-ﬂ—] >0 Icount down to 0]

M&Lﬁ.k'ﬁortmn gode °f*";_fgjbe f"%’ S
SUBROUTINE SPIKE (YNEW, F, DMIN, IS)

C  YNEW: is the new measured value

C  Fis the filter output (at entry the previous output)

C DMIN is the minimum gapsellowable

C IS is the current count of bound-hits
D = DMIN*2**IS J]CURRENT « AP
DELTA =YNEW=-F | JUMP IN Ot TPU
IF (ABS(DELTA) ,LE. DXGOTO10 | INSIDE Wit HOW
F = F + D*SGN(DELTA) ISTEP A BIT
1IS=1S+1° | AND COUN
GOTO 20

10 F=Y J]OK, LETTH 0U:
IS=1S —1 J]COUNT DO /N
IF(IS.LE.0)IS=0 JUNTILO

20 RETURN
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6.2 A non-linear control algorithm

Sometimes the effect of noise can be reduced by using a.
dead zone on the output, such that no control is trans-
mitted if its change over the sample is less than a certain
amount. Alternatively, a dead zone on y (r) (which occurs
naturally with quantisation) will cut down some of the
effect of noise whose amplitude is less than the gap. It has
been suggested that such improvements can also be achieved
by a nonlinear controller in which the proportional gain is
varied according to the magnitude of the error

ie, K,=Ko[1+K,l|e(?)]]

The argument for this controller is that if | e |.is ‘small’ the
gain of the controller will be small so that noise does not
affect the loop too much when it is near the setpoint. When
|elis ‘large’ then the controller gain will be large, causing
vigorous control action. Such a controller might be useful
in cases in which the plant gain itself varies inversely with
amplitude, or in which the measured variable is corrupted
by so much noise that derivative action is worthless.

6.3 A non-linear filter with phase-lead

Derivative action provides phase lead for tight closed-loop
operation, but amplifies noise. A non-linear algorithm which
provides phase lead without amplifying high frequencies is
shown in Fig 8.

%y (t) xa(t)
1 ; -
. ‘1 f(t)
e(t) TesT, |
1easT, | X5(t) X4(t)
+e1 sQN
1 STz'
(a=10)

Fig 8 A non-linear phase-lead filter

The function of the simple lag with time constant 7 is to
provide attenuation at high frequencies, but at the same
time its output x, (¢) lags the input e(¢). When a =10 the
second linear transfer function provides a phase lead 8, in
x3(1), but at the same time amplifies high frequencies, as
.described earlier. The signum element produces a square
wave x4(¢) of unit amplitude and whose fundamental com-
ponent is 4 sin (w¢t + 6,)/m, if e(t) = Y.sin wt. This com-
ponent has the phase lead of the second linear element, but
and amplitude independent of w. The eutput x,(¢) is
rectified to produce x,(¢) and finally f(¢) is the product
x2(D)x4(8) = 1x,(2) I sgn (x3(2)).

The filter output will contain many harmonic com-
ponents, but note that it.will be passing into a PI algorithm
and thence into a p]ént, both pf which will attenuate these
Aarmonics, Therefors, using the,ideas of descibing ‘
functions, the behaviour of the {iltet can be constdered in
terms of tl;;ejfundamqntal frequency-component. To first
order this js seen to have.an amplitude dependent onix, (7)
.and a phase lead-dependent op x3(¢), as required.

To discretise the algorithm the usual s = z transforms
can be used, or the Z-transforms.of the linear elements can
be obtained.directly: 7

Element 1
— -1
%T%; where [ =exp (— h/T))
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Element 2

at(l-a—7y)z"! '
( " ; where y=exp(-h/T)

1 -7z
This gives the digital algorithm of Table 8.

TABLE 8: A non-linear phase-advance filter

x, (t)=Bx, (t=1)+(1-ple(t) {attenuator}
X, (0) —yx, (t=1) +aelt) + (1—a—~y)elt—1) {phase-lead)

f(t)—|x,(t)|sgn [x,(t)]

There have not, as yet, been reports of applications of this
algorithm. Note that it needs zero-mean data for the signum
element to work correctly - that is why e (¢) rather than

» €0 is suggested as input to the filter.

7 Quantisation

Quantisation errors are introduced in three ways: via the
A=D converter, the D=A converter and from round-off in
the calculations. The calculation errors can be eliminated to
a large extent by using floating-point- working at'the cost of
extra computation time and storage requirements. Quanti-
sation in the A—D converter generally affects the differen-
tial action (noise) whereas D—A converter quantisation and
round-off error affect integral-action (offset).

7.1 The effect on integral actipn
Consider the elementary integral calculation:
I)=1¢t—-1)+he()/T; ...(20)

for which the corresponding component of control is
KI(t). The objective of integral action is to keep ramping
the control if an offseti(e # 0) exists; this cdn only, be
achieved if the computed quantity he/T; is non-zZero after
round-off. If e is the quantisation level (using fixed-point
arithmetic), then an error | e | = T;¢/h will not induce inte-
gration in Eqn (20) and so will remain as an offset,-Note
that, for any given €, |e | increases as T; increases'and as
reduces. Usually when using f%xed-poim arithmetic a scale
is chosen, by specifying a minimum value of 7;, and the
quantity &/T; is stored as a sin’;le coefficients Hence
h/(T})min could be assigned thie value 1.0 to-give the widest
possible range of T; that the computer can cope with. The
maximum 7; that can be stored in this way ¢orresponds to
I bit, e, a value € = h/(T)max. implying (T max =(T}) min/e.
Wgth this optimum assignment of coefficients, the maxi-
mum sustained error | e| that could occur is (7)) max€/h =
(E)mﬁn/h- . ' ' '

Supposing that in the worst case an offset of 1% = 0.01
is-allowalle, then the above implies that 0.01 = (IPgin/h. If
h is chosgn to be 0.1's, then (%) min = 0.001 s (a slightly
ludicrous figure) and (7}) max-=0.001/€s. Cénsider now the
use of lG;Bit working (strely enough for comtrot-ealcula-
tions?) in which eis 1spart in 32767 '(allowing e(£) to have
a range of — 12010 1.0), The maximum 7; isghen 32.767 s
~ 0.5 min. This is unacceptably small for sluggish plant:
either the maximum allowable Sustained offset or the
sample interval would have to be in¢reased to get a large
value of (T)max- ' 3

Bristol (1977) discusses examples.in which a different
scaling induces offsets as large as 100% for large Tj, and
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makes recommendations for avoiding these difficulties. For
example, double-precision working (or indeed floating-
point calculation) can be used, but he finds that simply
using a random number in the least-significant part of the
calculation produces the same results. This can be readily
achieved by adding dither to Eqn (20): simply add a
random least-significant part of the calculation.

An important practical case arises in which even floating-
point working is insufficient: an incremental algorithm
using a stepping motor. Here the truncation amounts to
sending no pulse even though the desired control increment
is non-zero. The integral component of the algorithm of
Fig 2 produces a desired change of control signal (or output
rate)

ur () =K'e(0)/T; =Ke()IT;

where
T:’ = N/rmax

If the sample interval is /1, a number of steps given by
hu, () will be requested. Suppose that an error:£ is chosen
such that for the minimum value of 7; the maximum
stepping rate is generated. £ might be as much as 1.0 (full
scale), but would more typically be 0.1. Then rpmay =
EK'[(T?)min- The smallest number of steps that can be
requested in the sample is 1, corresponding to the smallest
offset emin Which ¢an be detected, giving
1= hK' emin/Ti = h (T minmax emin/TiE
Hence if § is the smallest allowable offset, the correspend-
ing range of T; is given by (T max/(THmin = #max 8/E. For
example, if 7y, = 500 step/s, 1 = 0.1, § = 0.01, then for
E' = 0.1 this gives a range 6f only 5:1 in allowable inte:
gration times.

A solution to this problem is to use internal integration
to accumulate fractional components of-u;(¢) in a vanable
u'(t), as shown in Table 9.

TABLE 9: Avoiding quantisation errors in stepping-motor control

u'(ty<u'(t —1) +huy(t)  |accumulate control demands)

rg+Int[u' (t)] [find no of full steps)
u'(t)«u'(t)—rg  [leave a fractional remainder)
frg>hrmax S rg <~ hrmax  [clip the desired signal]

ifrg< —hrpax e rg<—hrmax [up or down]

Note in particular the subtle way integral desaturation is
implemented; it does 1oz (unhge previoys positional
algorithms) use the,actual yalug of 7, transmittad. This is
because the saturation limifs of the final elentent would not,
in general, be known: rmmmlghLbe transmitted but mlgh.l
not cause correspondmg valve movement. 7

7.2 The effect on.derivatiyve actien

The contribution of an elementary djfferential term-to
the control action is Ty [y (¢ — 1) —y (t)]/h The value of
T4 depends on the time constants of the.plant, but may be
of the order of several minutes for slow processes such.as
thermal systems. Suppose Ty =10min and & = 0.1 s, then
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y
~at

\ym(t) = sample

. 3
t (seconds)
Derivative F‘ 7
action A
1.5} L] Discrete

]
;

0.1 ' 4 Continuous
SOOIV

t (seconds)
Fig 9 0uant|sat|on effect in derivative actnon

Ty/h = 6000. Now a 12-bit A—D converter has a quantisa-
tion of 1 part in 4096, so if y changes:by 1 quantisation
interval then the derivative term will suddenly jump by
about 1.5 units. Consider a slawly ramiping output signal

¥ (£) = at as shown in Fig 9. For a plant requiring a deriva-
tive time of 10 min, a might itself be of the order of 10% in
10 min or 0.01/min, witha corresponding continuous
derivative action of Tyd(af)/dt = aT3=0.1 — perfectly
acceptable value. However, the ramp Will not pass through
a quantisation interval of 1/4096 until 60/4096 x 0.01 =
1.46 s have elapsed, which is approximately 15 sample
intervals when s = 0.1s.

Note that the shaded areas of the graphs in Fig 9 are tl‘e
same, and-that instead of the differential action being a
constant of 0.1, it produces spikes at wide intervals. Filter-
ing of the derivative term (not''spike’ filtering which is for
larger spikes on y,, (¢) itself) will go some way towards
improving the situation, -but clearly the most appropriate
action is to choose a larger value of . At least 1s would be
required in the above example to reduce the severe spiking,
but possibly 30s would be better still.

7.3 The choice of sampje interval

There is an understandable desire to have as short a
sample interval as possible in a.digital controller. Partly this
is because straightforward methods can then be used to
discretise well understood analogue controllers, but also
because if a large sampleinterval is used, a sudden disturb-
ance might affect the process for some time before
counteracting control acgion is seen to be taken. Similarly,
an operator might have to wait before seeing any action
after the imposition of a;setpoint change. However, the
examples above show the dangers of having too short a
sample-interval, and Section 4 indicates that the alternative
bilincar transformation gl\cs significamly better results for
loyger sample mtenvals with little exgra complexity.

“In rﬂost ca‘ses”taptd samplipg gives perfectly acceptable
rewlts partlculagly if Pkalgorithms and floaging- pomt
arifhmetic are uséd. However, if derivative aetion is needed
anﬂ long integral-and degivative times are required to match

% time constaptsfthen rapid mleg leads to con-

ab),e difficylties. Tt has beeh foqnd in'most cases that
thexe is lmle point inh ying A such thet thexe are more .
than 10—20 samples-du ing. tthS%;r isetime in'the
Tesponsg to a step, or for 4 plant with deadtime to hgve
more thmj ors saxgple§ dyﬁng that: time. Common
recommendatlons are that the samplt:mtervals for typical
processes should be as shown in°Table<10.
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Table 10: Sample intervals for typical loops

Flow loop 1s
Level loop 5s
Temperature loop 30s—10 min

These are only a guide, and depend on the characteristics
of the process. For example, electromechanical systems
would have to be sampled at a faster rate. In any event,
better performance will always be obtained by using the
bilinear discretisation to obtain the digital algorithm.

8 Tuning three-term controllers

Given an analytical or a well identified plant model, the
best way to tune a PID controller is to use parameter
optimisation methods as discussed by Isermann (1981).
However, in most cases it is not economical to derive a
mathematical model for noncritical loops, so an experi-
mental procedure is riecessary. A step-by-step procedure
can be employed, iterating over the PID parameters until a
satisfactory response is obtained, or all three parameters
can be obtained on the basis of a single test, using so-called
tuning rules. The test can either be open or closed loop; in
the open-loop case a simple approximate model is
generated, while with a closed-loop trial data are obtained
by putting the loop into oscillation.

8.1 The step-test method

The open-loop procedure is to inject a step input to the
manipulated variable and from the response to obtain the
parameters of a first-order model ;

9) = exp (=T —E= 5 @1
s)=exp(—s u(s e
y Y 2 1 +sT,
The plant model has gain K, time constant T, and dead-
time T; the values are derived by the graphical procedure
of Fig 10.

Given the values of Kp, Ty and T,, the method of
Pemberton, as critically evaluated by Hang(1979)
recommends the controller parameters of

K=2T)/3K Tg; T=T1, T=T|/4 .(22)

Note that with an interactive algorithm.is used the semngs
of Eqn (8) as generated by Fig 4 would be:

K=T1/3K Tg; T Td T|/2

It is possible in many cases to derive a second-order plant
model from a step response; Hang concludes that the
corresponding tuning rule is more sensijgive to parameter
error and miy notlead to better closed-loop performance.

v

y(t)
Y Kpm" YIU
1
B vl
u(t)
V]
Step Time (t)

Fig 10 Open-loop step test on a process
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8.2 The closed-loop method

This is a classical method inspired by Ziegler and Nichols
(1942). The idea is to control the process under propor-
tional action only and to increase K until the loop oscillates.
The value K, of the gain andihe period T, of the oscillation
are noted; clearly, such a procedure can be used only on
uncomplaining loops. The recommended values of the con-
troller parameters are then given-as in Table 11, in which
the second set of columns correspond to the use of an
interactive PID algorithm.

TABLE 11: Ziegler—Nichols’ tuning rule

K I Td K T; Ty
Ponly 05K, - - 0.5K, - -
P+l 045K, T,/1.2 - 045K, T,/1.2 -

P+I+D Ky/1.7  Ty/2  T,/8 Kif34:T,l4 ' T,/4

Note that, as in the open-lqop, the suggested zeros of the
PID algorithm are coincident (e, equal values in the inter-
active implementation) at — —4{T,, (cf = 2/T, in the open-
loop method).

Though Hang finds these to be an.excellent set of rules,
his evaluation uses differential actioq in the forward path
which is not generally acceptable. Many find that'the
Ziegler=Nichols rules tend to give rather too much over-
shoot to a step in setpoint demand, and Astrom (1982)
recommends the rules of Table 12, which are based on the
closed loop having a specified phase margin V; the larger
the phase margin the less that;overshoot islikely.

TABLE 12: Astrom'’s phase-margin rule

v K T Ty

30° 0.87K, 0.557, 0.147,
45° 0.71K, 0.777, 0.307,
60° 0.50K,, 1.297, 0.307,

An appropriate sample interval & in these cases is about
0,017, to 0.057,,. Note that'to increase the phase margin
and hence to reduce overshoot K~1s reducetl and both T;
and T4 are increased. ‘

The ergler—-Nnchols method is best explamcd by con-
sigering the simplest open-loop plant which will oscillate
under proportional-only control, havmg an.open-loop
trgnsfer function 1/(1.+ s)*. The root locus: of this plant
uqder increasing proportional control Kis shown in
Fig: 11(1). 7

(ii) with Z-N PI

Fig 11..Root logus for.a third-order plant. i. wnth K only;
ii. with Z-N PI, i

(i) with K only
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The value wy is the natural frequency in radian/s, which
from the diagram is v/3. Hence T}, = 2m/wo~ 3.625s. The
Ziegler—Nichols PI rule would place a zero at —1.2/T,, =
—0.33, which together with the pole at the origin has only
a marginal effect on the root locus, as shown in Fig 11(ii).
The gain at any given point on a root locus is given by the
product of its distances to,the.open-loop poles, divided by
the product of the distances to the zeros. Hence reducing
the gain by a factor of 0.45 means that the closed-loop pole
has moved about 75% of the way to the imaginary axis,
which implies that the damping factor of the closed loop is
only about 0.17. In this example (possibly a worst case),
the Ziegler—Nichols PI rule certainly suggests too high a .
gain, though the PID values are much better. In the PID
case the two closed-loop zeros are specified at — 2/T;; =
—0.55. This produces a significantly improved root locus in
which the closed loop is stablé for all K. Hence, derivative
action is a useful feature provided that it can be tuned
properly.

The Ziegler—Nichols procedure can be automated,.and
one approach is described by Astrom(1982). ©ne critical
feature is that the closed loop may not in fact oscillate -
under high gain; sometimes an extra integrator needs to be
introduced so that oscillations arg generated, and the tuning
rule then needs appropriate modification. If oscillations are
undesirable for process reasons, other methods such as the
proposal of Gawthrop (1982) sheuld be used, in whicha
plant model is implicitly identified online using normal
operatmg data.

9 Qonclusions

Tlns reeert has: mvesugated PID algorithms.and how they

can be rmplemented ina dlgltal computer. GeneraLco;n
merits on the procedures are z

° Implementauon in feedback form produces a more,
elegant algorithm.

® The ordinary and mtemctwe algorithms have different
. parameters; the-interactive algorithm might be ¢asibr to
use-but-restriéts the effective dxfferentlal acuon and the
compensating zeros. ;

® The bilinear transform should.be used for dlscretlsatlon

® Better performgnce is attainable with derivative' ecnon,
provided that there is approptiate filtering.

® Quantisation can cause difficulties, particularly for small
sample intervals and when' usmg an increméntal
algorithm.

® The sample interval in most loops can well be extended,
provided that ag accurate discretisation is used. i

o If the anti-aliasing analogue filter dnes not allow a large
value of h, digital filtering at each minor sample shoulﬂ

be used to reduce the effective Nyqunst frequency (and
also to remove plant noxse)

The report also outlmes, various linear and non-linear filters
which could be useful in certain cases.
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